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Abstract
The Droplet Deformation and Breakup Model was used to predict deformation of droplets approaching the leading edge stagnation line of an airfoil. The quasi-steady model was solved for each position along the droplet path. A program was developed to solve the non-linear, second order, ordinary differential equation that governs the model. A fourth order Runge-Kutta method was used to solve the equation. Experimental slip velocities from droplet breakup studies were used as input to the model which required slip velocity along the particle path. The center of mass displacement predictions were compared to the experimental measurements from the droplet breakup studies for droplets with radii in the range of 200 to 700 m approaching the airfoil at 50 and 90 m/sec. The model predictions were good for the displacement of the center of mass for small and medium sized droplets. For larger droplets the model predictions did not agree with the experimental results. 
Nomenclature

Introduction
Supercooled Large Droplet (SLD) breakup near the leading edge of large transport airfoils may alter the mass flux of water reaching the leading edge and be a factor that needs to be accounted for in the prediction of ice accretion formation in icing codes. The present research is part of current efforts to understand, measure and predict SLD breakup near the leading edge of large transport wings. The studies will help determine if icing codes need to be modified to account for droplet breakup when the size of the droplets is in the SLD regime.
Recent experimental studies (Refs. 1 to 3) of Supercooled Large Droplet (SLD) deformation and breakup near the leading edge of airfoils have provided imaging data and measurements of important parameters along the droplet paths. The experimental data from these studies can be used to evaluate previously developed droplet breakup models (Refs. 4 to 7) and determine the limits of their applicability to the experimental configuration where droplets deform and break up near the leading edge of an airfoil.
When there is a difference between the velocity of a droplet and the velocity of the air, called slip velocity, a flow field develops around the droplet and aerodynamic forces begin to deform it. As the viscous forces and pressure forces deform the droplet, its shape changes which, in turn modifies the flow field and the aerodynamic forces acting on the droplet. The flow field and the droplet deformation are coupled physical processes. In a strict sense the modeling of droplet deformation requires the mathematical equations describing the coupling between the two processes. This is a very complex situation because the droplet is a liquid elastic body held together by surface tension, and internal circulation of water inside the droplet may be present. General models of droplet deformation do not capture all of the physics but use simplifications to make the solution more tractable. These models are valuable because they capture the important physical processes and provide insight into the phenomena. The only way to know if a model may be used in a given experimental configuration is to test it against the experimental results and find the limits of its usefulness and applicability.
Droplet breakup has been studied extensively in the past for experimental configurations (Refs. 4 to 7) where the droplet is subjected to a rapidly changing slip velocity. Current droplet breakup models were developed primarily for that type of configuration. For droplets which approach the airfoil along the stagnation line the droplets are subject to a gradual increase in the slip velocity that allows them to adjust their shape along the path and tolerate higher Weber numbers before beginning the actual breakup sequence. It is important to test the applicability of current droplet breakup models to this configuration because the models may help interpret experimental data, provide insights into the physics involved in the process and offer guidance in the planning of future experiments.
The Droplet Deformation and Breakup (DDB) Model and the Taylor Analogy Break-up (TAB) Model more closely model the kind of deformation observed in droplet breakup studies near the leading edge of airfoils. The DDB was selected for the current study to predict the droplet deformation along the path of the droplet. A program was developed to solve the second order, non-linear ordinary differential equation that governs the model. A fourth order Runge-Kutta method was used in the numerical scheme to solve the equation. Experimental values of the slip velocity were used as input to the model. The predicted displacements of the droplet center of mass were compared to the experimental measurements from current droplet breakup studies on a DBKUP airfoil geometry. Comparisons were generated for airfoil speeds of 50 and 90 m/sec and droplet sizes from 200 to 700 m.
Background on Droplet Deformation Breakup Model
The DDB model was proposed in 1993 by Ibrahim, Yang and Przekwas (Ref. 6) . The model assumes that "the liquid droplet is deformed from an initial spherical shape of radius R into an oblate spheroid of an ellipsoidal cross section with major semi-axis a and minor semi-axis b". This assumption makes the model attractive for droplet deformation prediction near the leading edge of an airfoil because during experimental studies the droplets were observed to deform from a spherical shape to an oblate spheroid. For this reason the model was tested against the experimental data to determine its applicability.
The DDB model tracks the vertical motion of the center of mass of a half droplet (Fig. 1) . It is based on conservation of mass and energy for half the droplet as it deforms. In the rest of this section, the derivation of the fundamental equation representing the model is presented, following Ibrahim's original derivation (Ref. 6) .
Assuming the droplet does not exchange heat with its surroundings and that the only forces involved in the deformation of the droplet are the viscous forces, the pressure forces and the surface tension forces, the energy equation for the half-droplet is:
where E is the energy and W is the work done on the droplet by the pressure and viscous forces. Therefore
where  is the viscous dissipation. Each term in Equation (2) will be evaluated next.
Kinetic Energy:
where m is the mass of half the droplet,  l the density of water, R the radius of the droplet, v = dy/dt and dv/dt = d 2 y/dt 2 are the velocity and acceleration respectively of the center of mass of the deforming half droplet ( Fig. 1 ).
Potential Energy
where  is the surface tension (energy/unit area), 1/2 is the factor for the half droplet energy balance, A s is the area of the deforming droplet. The area of the deforming droplet is the area of the oblate spheroid with major semi-axis a and minor semi-axis b. It is given by:
where
In the model A s is approximated by assuming  = 1:
For increasing values of a/b,  quickly increases from a value of 1, but the approximation is reasonable within the overall calculation of A s . As the droplet deforms into an oblate spheroid, the value of the major semi-axis a increases while the value of the minor semi-axis b decreases. The first term in the Equation (5) becomes larger, the second term smaller, and the impact of the error in the calculation of the second term is not as large for the calculation of A s . In Figure 2 , the ratio of the approximation to the area divided by the exact value is plotted against the ratio a/b for five different droplets. The ratio decreases to a minimum at a/b = 2 and then increases.
Before discussing the derivative with respect to time of Equation (8), two other terms that will be used are introduced. From the conservation of volume:
The distance of the center of mass in terms of the major semi-axis a was approximated by the distance of the center of mass for an area of a semi-ellipse of altitude a:
which can also be noted as
For half an oblate spheroid the distance of the center of mass in terms of the major semi-axis a is given by (3/8)a. The approximation given in Equation (11) introduces an error of 12 percent. The exact value of c = 8/3 was used when running the model for this study.
Taking the derivative with respect to time of A s and substituting in Equation (8) the expressions for b and a from Equations (10) and (12) gives:
Substituting Equation (14) into Equation (4) gives the expression for the potential energy:
The rate of change of the work done by the pressure is given by:
Where p is the pressure and A p is the projected area of the droplet. The projected area of the deformed droplet is approximated by the original projected area of the spherical droplet:
This assumption is very restrictive because it limits the applicability of the model to small droplet deformations. But since A p is the projected area of the oblate spheroid and is given by a 2 , where a is the major semi-axis of the oblate spheroid, the model can be modified to avoid the approximation in Equation (17) by substituting a 2 for R 2 . The value of the average pressure exerted on the front and back of the half oblate spheroid is assumed to be equal to the stagnation pressure of the droplet:
where  g is the air density and U rel is the slip velocity. The approximation in Equation (18) is reasonable because it results from a dimensional analysis which implies that inertia force that deform the droplet is proportional to the stagnation pressure (Ref. 1). Substituting Equations (17) and (18) into Equation (16) gives the rate of work done by the pressure as:
The negative sign in front of term indicates work is being done on the droplet by the pressure forces, following the standard convention. The rate of work done by the viscous forces is given by the viscous dissipation function (Ref. 6):
where  l is the water viscosity and R the radius of the droplet. Substitution of Equations (3), (15), (19), and (20) into Equation (2) gives the basic equation that governs the model: 
To non-dimensionalize the equation the following dimensionless variables are defined:
where  g is the density of the air and  g is the absolute viscosity of the air.
where  is the surface tension of water.
Substituting Equations (22) to (26) into Equation (21) and re-arranging we get:
  This is a second order non-linear ordinary differential equation with two initial conditions given by:
where y and t are non-dimensional. This initial condition reflects the fact that the half-droplet is a hemisphere before any deformation begins. The second initial condition is:
where the dimensionless initial velocity of the center of mass is assumed zero. Equations (28), (29), and (30) constitute the initial value problem. In addition to the water and air properties, the radius of the droplet R and U rel are needed to solve Equation (28) together with its initial conditions.
Numerical Solution of the Initial Value Problem
The initial value problem constituted by the ordinary differential equation and the boundary conditions of Equations (28), (29), and (30) was solved numerically. The first step in the numerical approach was to use a transformation of variables and convert the original problem into a system of two coupled first order ordinary differential equations with corresponding initial conditions. 
A fixed time step, fourth order Runge-Kutta (RK) integrator was used to solve the system in Equation (31). A second order RK was used to estimate the truncation error.
Input Parameters Needed for the DDB Model and the Numerical Solution
Two types of input parameters are required to test the DDB model: (1) The input parameters needed for the DDB model and (2) The input parameters needed for the numerical scheme to solve the initial value problem.
The input parameters for the DDB model are: density of air, viscosity of air, density of water, viscosity of water, surface tension of water, diameter of the droplet and the slip velocity.
The input parameters for the numerical solution of the initial value problem are: the number of first order differential equations, initial and final value of the independent variable in the interval where the solution is evaluated, number of steps in the interval, step size, and error tolerance.
Experimental Data Used With the DDB Model
Experimental studies of droplets approaching the leading edge of an airfoil along the stagnation line have provided data on droplet deformation and breakup (Refs. 1 to 3). The experiments were conducted in a rotating arm facility (Ref. 2 ). An airfoil was placed at the end of the arm and rotated at a given velocity. Water droplets from a TSI-100 droplet generator were allowed to fall at a specific location in the path of the airfoil being rotated. High speed movies of the droplet deformation and breakup were recorded. Digital image processing programs developed for the analysis of the data were used to track the droplets and measure the main parameters involved. Figure 3 is a sequence of images captured during these experiments at different times as a droplet approached the airfoil. Initially the droplet was spherical as there was no difference between the velocity of the droplet and the air (slip velocity). As the droplet approached the airfoil, the air velocity decreased and the droplet's slip velocity increased. The increase in the slip velocity generated aerodynamic forces that deformed the droplet initially to a symmetrical oblate spheroid (frame 40 in Fig. 3 ) and later to an asymmetrical oblate spheroid (frame 110 in Fig. 3) , which is asymmetric with respect to the major semi-axis but rotationally symmetric with respect to the axis of motion. The image processing program measured the width and the height of the droplet along the path. Figure 4 shows the variation in width of the droplet along its path. The droplet width decreased to a minimum and then increased. The location at which the width of a droplet is a minimum defines where droplet deformation ends and droplet breakup begins (Ref. 3) . This corresponds to frame 192 in Figure 3 . As the droplet width decreased, its height increased. Figure 5 shows the height of the droplet along its path. The height of the droplet is the major a semi-axis (Fig. 1) of the oblate spheroid. The center of mass location is given by (3/8)a. The DDB model, which predicts center of mass of the deformed droplet, was only used to analyze the droplet deformation phase of the breakup and not the post droplet breakup phase. Data from five tracked droplets were used to test the DDB model. Table 1 presents the basic data for each droplet.
Approach Taken and Main Assumption
The approach taken to apply the DDB model to the deformation of the droplets was to assume that at each location along the trajectory the droplet is in quasi-steady equilibrium. Based on this assumption, the model was solved at each location along the path of the droplet. To solve the model equations at each location, the experimentally measured value of the slip velocity (Ref.
3) for that location was required as an input parameter for the model. The predictions of the displacement of the center of mass of the half droplet were compared to the experimentally measured values.
Results and Discussion
The DBB model, although highly nonlinear, behaved much like the classical spring-mass-friction case at a given location. The value of the center of mass oscillated around the final equilibrium value and as time increased it approached the equilibrium value (Fig. 6) . The larger the experimental value of the slip velocity, the larger the amplitude of the initial oscillation, and the longer it took the system to reach equilibrium (Fig. 7) .
The DDB model was applied to five cases of droplet deformation. In each case the experimentally measured value of the slip velocity was used as part of the input for the model. The model was run at each location where experimental data was available up until the onset of breakup. Figures comparing computational results to experiment are presented for each case. A discussion of each case follows. Figure 8 shows the comparison between the model prediction and the experimental data for Case 1: Run 072211-1.8 droplet 4, droplet radius 199 m, airfoil chord 0.710 m and airfoil velocity 50 m/sec. At this low velocity the small droplet deforms very little as it approaches the airfoil. This is reflected in the nearly constant value of the experimental measurement of the center of mass location. The model prediction agrees well with the experimental data. In general small droplets resist deformation more than larger ones because the small radius of curvature translates into a larger surface tension force. Figure 9 shows the comparison between the model prediction and the experimental data for Case 2: Run 072611-18.6 droplet 1, droplet radius 287 m, airfoil chord 0.710 m and airfoil velocity 90 m/sec. The droplet is also relatively small but the velocity of the airfoil is higher than for Case 1 resulting in a larger slip velocity. This larger slip velocity results in an increase in the droplet center of mass over Case 1. The predictions for this case were also relatively good. Figure 10 shows the comparison between the model prediction and the experimental data for Case 3: Run 072611-16.10 droplet 2, droplet radius 439 m, airfoil chord 0.710 m and airfoil velocity 90 m/sec. The droplet is much larger than for Case 1 and 2. This results in a larger slip velocity and more deformation along the path. The model initially over predicts the value of the center of mass and then converges more closely to the experimental data starting at a distance of -100 mm from the leading edge of the airfoil. Figure 11 shows the comparison between the model prediction and the experimental data for Case 4: Run 072011-14B.1 droplet 1, droplet radius 516 m, airfoil chord 0.710 m and airfoil velocity 90 m/sec. The droplet is somewhat larger than for Case 3. Initially the model over-predicts the position of the center of mass by 13 percent. The difference between the model and experiment then decreases until the droplet reaches a distance of -50 mm from the leading edge. From there on the model increasingly over-predicts the position of the center of mass. Figure 12 shows the comparison between the model prediction and the experimental data for Case 5: Run 072611-15B.9 droplet 2, droplet radius 685 m, airfoil chord 0.710 m and airfoil velocity 90 m/sec. The droplet is the largest of the five cases to which the model was applied. The model over-predicts the position of the center of mass of the droplet over the entire range and the prediction worsens as the droplet approaches breakup. The over-prediction is 13 percent initially and is 75 percent at the breakup location.
From the results it can be seen that the model does relatively well predicting the displacement of the center of mass for the small and medium size droplets. As the droplet radius increases the model prediction deviates more from the experimental data, and for the largest droplets the model greatly overpredicts the position of the center of mass. The fact that the model prediction deviates gradually from the experimental data as the droplet size increases seems to indicate that one of the explicit or implicit assumptions may not apply at larger droplet sizes.
The assumption that the projected area of the droplet remains constant leads to under prediction of the area as the droplet deforms. This causes the model to under predict the pressure force and the displacement of the center of mass.
The assumption that the average pressure over the half droplet can be approximated by the pressure at the stagnation point is a reasonable approximation as long as the shape of the droplet does not deviate significantly from the shape of a sphere. For a droplet distorted into an asymmetric oblate spheroid shape, no experimental data was found to help determine the soundness of the average pressure approximation. The approximation did not cause a problem for the predictions of the model for small and medium droplets.
The assumption about the deformed droplet being an oblate spheroid breaks down as the droplet approaches initiation of breakup. This can be seen for the droplet in Figure 3 after frame number 100. This approximation did not affect the prediction of the displacement of the center of mass for the small and medium droplets.
Large droplets show large oscillations after being released from the droplet generator until the slip velocity begins to deform the droplet into an oblate spheroid. The initial oscillation of the droplet did not change the initial condition for the velocity of the center of mass as expressed in Equation (30). This was confirmed by studying the graphs of the major semi-axis against time for the cases studied.
Large droplets begin deforming closer to the airfoil and the time lapse from the initiation of deformation to the beginning of the breakup is shorter than the small and medium droplets but the difference is not significant enough to question the quasi-steady assumption. During deformation the large droplets follow the same pattern as the smaller ones.
The force of gravity was included in the model to improve the prediction. The following non-dimensional gravitational term was added to the right hand side of Equation (28):
where K is defined in Equation (26), R is the radius of the droplet, U rel is the slip velocity and g is the acceleration of gravity. The effect of gravity was too small to make a difference in the model prediction.
The results indicate that the DDB model can be used for small and medium droplets. The model will be used in the analysis of the data from previous droplet breakup experiments and in the scaling of the results to large airfoils.
Conclusions
The Droplet Deformation Breakup (DDB) model developed by Ibrahim, Yang and Przekwas (Ref. 6 ) is used to predict the deformation of droplets approaching the leading edge of an airfoil along the stagnation line. The experimental data used in the evaluation of the model came from experiments conducted in a rotating arm facility (Refs. 1 to 3). The following conclusions can be stated about the results:
 For small and medium size droplets (radius between 200 and 500 m) the model prediction agrees with the experimental data.  For large droplets (radius larger than 500 m) the model over-predicts the displacement of the center of mass by a large margin.  The increasing deviation between the model prediction and the experimental data as droplet size increases seems to indicate that one or more of the model assumptions are invalid for large droplet sizes.  The quasi-steady assumption needed to apply the DDB model works well for small and medium size droplets.  The model can be used in the analysis of the deformation of small and medium droplets from previous experiments. 
